The CLIC damping ring design is optimized to produce a beam with ultra low emittances. The lattice for such a machine requires a small value of the optical functions, a large number of compact arc cells and, for the chromatic correction, strong sextupoles, that introduce significant nonlinearities, decreasing the dynamic aperture. In this paper, the nonlinear optimization of the damping ring lattice is described. 
CLIC LATTICE DESIGN
The Theoretical Minimum Emittance (TME) lattice [2, 3, 4, 5, 6, 8, 9] is most suitable for the low emittance compact arc cell needed for the damping ring of CLIC [1] . The length of a cell is important since the damping time is directly proportional to the ring circumference. Comparing the minimum emittance of the TME lattice with the minimum emittances produced by three other lattice types (Double Focusing Achromat, Triplet Achromat Lattice, Triple Bend Achromat) [10] for a fixed bending angle , we obtain the following ratios:
The energy for the CLIC damping ring was chosen as 2.42 GeV. At lower energy (for example 1.98 GeV), the intrabeam scattering (IBS) is much stronger. The IBS growth time is proportional to A B , while the damping time is inversely proportional to A C . A TME arc cell of the CLIC damping ring comprises four quadrupoles and a combined function bending magnet. The two arcs of the ring are connected by long dispersionfree straight sections that include RF cavities, FODO cells with damping wigglers, and injection/extraction sections. The design parameters of the damping ring are presented in Table 1 .
At the exit of the main linac, the horizontal emittance
should not exceed 680 nm, and the vertical emittance A ' E G F be smaller than 10 nm. However, downstream of the damping ring some additional emittance dilutions are expected both in the linac and in the bunch compressors.
The values of the equilibrium transverse beam emittances ¡ D , ¡ F , rms energy spread H I , and rms bunch length H P were computed for the proposed damping ring design by a step-wise integration in time, using the Bjorken-Mtingwa formalism [11] for the IBS growth rates.
LINEAR AND NONLINEAR PROPERTIES
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Transformer
Sextupoles introduce both second order geometric aberrations and chromatic aberrations. If two thin-lens sex- tupoles of equal strength are placed at the entrance and exit of a k m l transformer the geometric aberrations introduced by the two sextupoles exactly cancel each other. A perfect cancellation of the geometric aberrations produced by the sextupoles would be to place separate k m l transformers of sextupole pairs in such a way that they do not interfer with each other. In reality, the finite length of the sextupoles compromises this cancellation. For example, consider the 1-D motion through a pair of thick sextupoles both of strength n and length , separated by a k m l transformer between the entrance of the first and the second sextupole. In Lie algebra notation, the map of the complete two-sextupole system is 
Second-Order Achromat
In our case, non-interlaced k m l transformers with thin sextupoles are impossible to realize, because there is not enough space available to arrange them. The small beta and dispersion functions require a sufficient number of strong sextupoles in order to correct the large horizonal and vertical chromaticities. According to Brown's 1st theorem [12, 13] , if a lattice consists of ì identical cells with ì î í " and has a total phase advance 1 4 ï T , all second-order geometric aberrations are cancelled. The uncorrected geometric aberrations introduced by the crosstalk of interlaced k m l sextupolar transformers are of third and higher order.
In the proposed damping ring design [9] , interlaced sextupole pairs are used for the chromatic correction. Nine families of sextupoles were chosen, located in 3 adjacent arc cells, as it is shown in Fig. 1 (three families for the vertical motion and six families for the horizontal motion).
The damping ring comprises two arcs, each of which consists of 48 cells. At the given number of TME arc cells, it is possible to tune the phase advance of the cell from 0 2 ð v w degree to a maximum value of 1 £ ð v ñ degree, keeping the cell length less than 2.5 m. Taking into account IBS, a larger phase advance per cell reduces the final emittances and also the average values of betatron and dispersion function over the cell. But it increases the strength of the sextupoles, which induces strong nonlinearities and consequently limits the dynamic aperture. Tuning the phase advance by variation of quadrupoles strength, drift length, and gradient field of bending magnet, the natural chromaticities can be minimized. However, to achieve a sufficient beta split at the location of the sextupoles is complicated, due the required short length of the arc cell.
The horizontal and vertical phase advances per cell were chosen as 1 y 0 s w and w degree, respectively. Such phase advances meet second-order achromat requirements and also provide acceptable emittances. Three adjacent arc cells form a super-period. By imposing the k m l transformation conditions over 6 cells (cancellation between first and seventh cell, 2nd and 8th, 3rd and 9th, 6th with 12th, etc.) for both vertical and horizontal motion, the total phase advance over four identical super-period cells is a multiple of 1 4 ï . The X and Y phase advances over 12 arc cells with repetitive symmetry are 8 t 1 4 ï and " t 1 4 ï , respectively, that is a first order transfer matrix equal to unity in both transverse planes. Thus, a second-order achromat using the interlaced k m l transformers is assembled, which provides a cancellation of all second-order geometric aberrations.
Chromatic Correction
The first and second order chromatic terms are corrected by matching the strengths of 9 sextupole families. Without chromatic correction the natural first order chromatic- first option of sextupole placement gives significant tune shift with amplitude that limits dynamic aperture. Thus, the second option was chosen. In fact, the strengths of all horizontal sextupole families are nearly equal, with a difference of less than one percent. The same is true for the vertical families. In the case of only two families, the second order chromatic aberrations for the vertical and horizontal motion are not exactly equal to zero, but
still not significantly contributing to the tune shift with momentum deviation.
The strengths of the chromatic sextupoles are considerable (but their pole-tip fields do not exceed a value of 2 T, which we considered a reasonable upper bound). The tune shift over a large momentum range of ú 0 is shown in Fig. 2 . A low periodicity of the damping ring results from the two long straight sections. The working point for zero momentum offset was chosen as D £ û F ý ü w 9 ð ó w 9 ð 1 . The working point can be shifted by changing the FODO cell phase advance, while the arc phase advance should be kept fixed. 
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Dynamic Aperture
To enhance the dynamic aperture, harmonic sextupoles can be installed in the non-dispersive sections [14] . In our present lattice, two families of harmonic sextupoles are used. Each consists of eight sextupoles, which are located in the wiggler sections. By means of the harmonic sextupoles, the dynamic aperture is increased about two times, so that its value now corresponds to about six rms beam sizes for an on-momentum particle, as it is shown in Fig. 9 . Strengths and positions of the harmonic sextupoles were chosen empirically by particle tracking. The dynamic aperture might be further improved by increasing the number of harmonic-sextupole families and, possibly, by adding some octupole correctors which may cancel third-order terms resulting from crosstalk.
OUTLOOK
The final equilibrium emittances obtained by the present damping-ring lattice have been estimated via numerical integration. The longitudinal emittance is 5% below the specification. The two transverse emittances are smaller than those required at the end of the CLIC main linacs, but the horizontal emittance exceeds the original target value [1] by 38% (620 nm compared 450 nm), which is due to IBS.
Recently, the dynamic aperture of the ring has been optimized by means of 9 families of chromatic sextupoles, consisting of interleaved k m l pairs, and 2 additional harmonic families. It now exceeds 5-6 rms beam sizes at injection. The momentum acceptance of the lattice surpasses ú 0 4 . In the future, we plan to investigate the following three items: (1) the effect of alignment errors and beam-based tuning on the dynamic aperture, (2) the optimum choice of the emittance ratio, representing linear betatron coupling between the horizontal and vertical plane, which is an external input to the emittance computation, and (3) the potential for a transverse emittance reduction by increasing the length of the wiggler.
